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We explore the string spectrum in the Witten QCD4 model by considering classical
string configurations, thereby obtaining energy formulas for quantum states with large
excitation quantum numbers representing glueballs and Kaluza-Klein states. In units of
the string tension, the energies of all states increase as the ’t Hooft coupling λ is decreased,
except the energies of glueballs corresponding to strings lying on the horizon, which remain
constant. We argue that some string solutions can be extrapolated to the small λ regime.
We also find the classical mechanics description of supergravity glueballs in terms of point-
like string configurations oscillating in the radial direction, and reproduce the glueball
energy formula previously obtained by solving the equation for the dilaton fluctuation.
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1. Introduction
Using the AdS/CFT correspondence [1], Witten proposed a string model representing
a holographic dual to pure SU(N) 3 + 1 Yang-Mills theory [2]. The idea is to start with
N D4 branes compactified on a circle of radius r0, and to impose anti-periodic boundary
conditions for the fermions. Then fermions get masses of order r−10 and scalar particles get
masses at one loop. The resulting low energy theory on the D4 brane is then pure SU(N)
Yang-Mills theory in 3+1 dimensions, describing the dynamics of massless gluons. The
corresponding supergravity background can be constructed in terms of the near-horizon
limit of the euclidean non-extremal D4 brane. This prescribes the correct anti-periodic
boundary conditions for the fermions.
The string spectrum in this supergravity background contains particles with Kaluza-
Klein S4 quantum numbers. These should decouple, since they have no counterpart in
QCD, which does not have SO(5) global symmetry. The masses of these particles have
been computed in the supergravity sector [3,4,5], and, in the supergravity approximation,
they are basically of the same order of glueball masses. In addition, there are Kaluza-Klein
particles with S1 quantum numbers which should also decouple, in order for the string
model to describe 3+1 dimensional rather than 4+1 dimensional Yang-Mills theory. They
also have masses of the same order as glueball masses. Such states can be decoupled by
adding rotation parameters to the supergravity background, which breaks the non abelian
SO(5) global symmetries to the Cartan subgroup U(1) × U(1) [6,7,8,9]. But even in this
case, the S4 Kaluza-Klein modes do not decouple within the supergravity approximation.
Nevertheless, the model reproduces in a quite remarkable way several qualitative and
quantitative features of QCD. It describes the correct N dependence of physical quantities
like e.g. a hadron spectrum independent of N [2] and a gluon condensate proportional
to N2 [10]. It also exhibits confinement in the form of an area law for Wilson loops [2].
Confinement in this model was also shown to be accompanied by monopole condensation
[11], as expected.
Moreover, by adding Nf D6 brane probes to this D4 brane supergravity background,
Kruczenski, Mateos, Myers and Winters [12] recently constructed a string model dual to
four dimensional QCD with N colours and Nf flavours of mass mq. They have shown
that for mq = 0 the model exhibits spontaneous chiral symmetry breaking by a quark
condensate, extending previous results on chiral symmetry breaking condensates found in
a different gravity dual model in [13]. For mq > 0 the pion mass exactly satisfies the
Gell-Mann-Oakes-Renner formula which relates it to the quark condensate. In addition,
the model provides a simple geometric interpretation of the Vafa-Witten theorem [12], and
the authors of [14] found evidence that the Veneziano-Witten theorem (relating the mass
of the η′ to the topological susceptibility computed in [10]) is satisfied (the Veneziano-
Witten formula has been derived in a setup of D3 branes on orbifold singularities in [15]).
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The model was also used to describe the recently observed pentaquarks [16], obtaining
reasonable predictions for masses.
Computing the full string spectrum in this string model of large N QCD may give
important insights on general features of the glueball spectrum of large N QCD and on
what are the scales associated with the Kaluza-Klein particles of the model. The determi-
nation of the string spectrum in a curved background is in general a complicated problem.
However, as suggested in [17], one can explore the spectrum at large quantum numbers by
considering classical string configurations as well as quantum fluctuations about it. This
approach led to remarkable results in the AdS5 × S5 case (see e.g. [18] and references
therein). In this paper we will consider a large variety of classical string configurations
with the aim of determining the typical energy scales at strong λ coupling of physical string
states with different quantum numbers.1 We will find a universal pattern, indicating that
for any string solution the derivative of the ratio Energy/
√
TYM with respect to λ (TYM is
the string tension) is negative or vanishing, but never positive. In other words, to leading
order at λ≫ 1, the energies of the states in units of the string tension increase or remain
constant as λ is decreased. Some states become unstable when the angular momentum
is lower than some critical value. Remarkably, this occurs precisely at the point where
the derivative of E√
TYM
with respect to λ becomes positive, thus confirming the rule that,
in units of the string tension, the energies of the states increase or remain constant in
decreasing λ (in the region λ≫ 1). We also find some string solutions which exist only for
special values of the coupling λ.
2. QCD3+1 model: generalities and restrictions
The background of the Witten QCD model can be obtained from the euclidean non-
extremal D4 brane (we follow the notation of [6]),
ds210 = α
′
(
8piλ
3
u3
u0
(
dx21 + ...+ dx
2
4
)
+
8piλ
27
( u
u0
)3
h(u)dθ21 +
8piλ
3
du2
uu0h(u)
+
2piλ
3
u
u0
dΩ24
)
,
(2.1)
e2φ =
8pi
27
λ3u3
u30
1
N2
, h(u) ≡ 1− u
6
0
u6
,
dΩ24 = dα
2 + cos2 α
(
dθ2 + cos2 θ dφ2 + sin2 θ dϕ2
)
, (2.2)
where λ is the ‘t Hooft coupling, 2piλ = g2YMN . The Euclidean time is tE = R0θ1,
R0 = (3u0)
−1, and θ1 is 2pi periodic. To describe the Minkowskian QCD3+1 theory, one
1 Previous discussions on semiclassical string solutions in this model are in [19,20]. Studies of
semiclassical string solutions in other confining backgrounds can be found in [21].
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makes the Wick rotation x4 → ix0. The metric exhibits a coordinate singularity at u = u0,
which can be removed as usual by going to e.g. Rindler-type coordinates
u3
u30
= 1 +
ρ2
ρ20
≡ h1(ρ) , ρ20 ≡ u30 , ρ ∈ [0,∞) .
One finds
ds210 = α
′
(
8piλu20
3
h1
(− dx20 + dx21 + ...+ dx23)+ 16piλ27 h2h1
ρ2
ρ20
dθ21
+
16piλ
27ρ20
h
1/3
1
h2
dρ2 +
2piλ
3
h
1/3
1 dΩ
2
4
)
. (2.3)
e2φ =
8pi
27
λ3h1
1
N2
, h2 ≡ 1 + ρ
2
2ρ20
.
In this model, QCD arises as the dimensional reduction of five dimensional Yang-Mills
theory, which is compactified on a circle of radius (3u0)
−1 with anti-periodic boundary
conditions for the fermions. From the point of view of the gauge theory, the parameter
u0 plays the role of an ultraviolet cutoff, and the coupling gYM should be understood as
the bare coupling at distances corresponding to 1/u0. There are Kaluza-Klein particles
with masses of order O(u0). To obtain d = 3 + 1 QCD, one should take u0 → ∞ and
λ → 0 with a fixed string tension [2,11], which for small λ should be of the form TYM ∼
exp(−2b/λ)u20 ∼ Λ2QCD.
In QCD, the glueball mass scale is ΛQCD, so it is essentially set by the square root
of the string tension. In the present supergravity background, there are glueball states
whose masses are proportional to u0 for λ≫ 1, with a coefficient independent of λ, which
originate from the supergravity sector of the string spectrum, and, as we shall see, glueball
states of masses proportional to the square root of the string tension, which at λ ≫ 1 is
given by
TYM =
4
3
λu20 , λ≫ 1 . (2.4)
This is the case for highly excited string states, as in the example shown in the next section.
This tension derived from the energy formula (3.8) agrees with the tension obtained from
the Wilson loop calculation (see [2,22,11]). Thus the masses of these two sets of states
differ by a factor
√
λ. Since in pure gluodynamics there is only a single mass scale, one
expects that the states surviving the limit λ ≪ 1 will all have masses of the same order,
proportional to the square root of the string tension.
To take the small λ limit in the geometry, one defines u′ = λu/u0 so that the dilaton
coupling (2.1) is fixed in taking the limit λ → 0 at fixed u′. This gives the extremal D4
brane, which is singular at u′ = 0. In this region, the supergravity approximation cannot
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be justified. The gravity solution (2.1) solves the leading α′ order string equations, and
therefore it applies as long as further α′ corrections are suppressed. To ensure that these
corrections are small one is to demand that curvature invariants and higher derivatives
of the dilaton are small in string units. In the present case, these are all suppressed by
inverse powers of λ. In particular, the curvature scalar is α′R = − 278piλ u0u (5−
u60
u6 ), which
is small in all the space provided λ≫ 1.
In addition to the requirement of large λ, one must require that the string coupling
constant is small, so that string loop corrections are suppressed. This implies the condition
u < umax, with umax ≈ N
2
3
λ u0. By taking N sufficiently large, one can extend the
applicability of the tree-level approximation to arbitrary large values of u.
3. Semiclassical string spectrum
In the physical string spectrum, there are basically two types of string states:
1) The states having zero quantum numbers in S1 and S4, which in the small λ limit
should correspond to glueballs of QCD.
2) The “Kaluza-Klein” type of string states, having non-zero quantum numbers in S1 or
in S4. Such states should decouple in the small λ≪ 1 limit since they have no counterpart
in ordinary QCD.
In this section we compare the masses of semiclassical string states describing glueball
states and Kaluza-Klein states. We will argue that they correspond to two different mass
scales which get separated as λ is decreased, giving rise to heavy Kaluza-Klein states and
lighter glueball states.
The states are characterized by angular momentum quantum numbers, which are con-
served, and by winding numbers of the strings around S1 and S4 –or number of foldings of
a folded string– which are not conserved in interactions, because all circles are contractible.
Nevertheless, they can be used to characterize the string states of the free string theory.
In order to obtain the relations between the energy and the angular momenta of
classical string configurations, one can start with the Polyakov action in the conformal
gauge,
I = − 1
4 piα′
∫
dτ dσ Gµν ∂αX
µ(τ, σ) ∂βX
ν(τ, σ) ηαβ . (3.1)
The classical strings must satisfy the equations of motion(
−∂Gρν
∂Xµ
+ 2
∂Gµν
∂Xρ
) (
X˙ρ X˙ν −Xρ′Xν ′
)
+ 2Gµν
(
X¨ν −Xν ′′
)
= 0 , (3.2)
where dots and primes denote derivatives with respect to τ and σ, respectively. In addition,
one has the usual Virasoro constraints
Gµν(X˙
µX˙ν +X ′µX ′ν) = 0 , (3.3)
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GµνX˙
µX ′ν = 0 . (3.4)
For a diagonal target metric, as in the present case, the energy and the angular momentum
in a generic angle ϕ are given by
E = − 1
2piα′
∫ 2pi
0
dσ G00(X)∂τX
0 , Jϕ =
1
2piα′
∫ 2pi
0
dσ Gϕϕ(X)∂τϕ . (3.5)
Combining these equations, below we find E = E(Jϕi) for different configurations.
3.1. Glueball states and the Regge string
In comparing masses of glueballs to masses of Kaluza-Klein states, in this section
we will only consider classical string states of high spin. Supergravity glueballs will be
discussed in section 5. We stress that, in general, the calculation of masses at λ≫ 1 based
on the geometry (2.1) cannot be extrapolated to the weak coupling regime λ ≪ 1 (see
section 2 and also discussion in section 4).
To look for classical string solutions, it is convenient to use the radial coordinate ρ
which is regular at the horizon located at ρ = 0 (in working in the singular u coordinate
frame one misses some solutions of strings lying on the horizon).
To describe a string rotating in ℜ3, we use cylindrical coordinates dx21 + dx22 + dx23 =
dr2 + r2dβ2 + dx23, and consider the following configuration:
t = κ τ , ρ = 0 , r = r(σ) , β = ωτ . (3.6)
It represents a folded closed string located at the horizon which rotates in ℜ3. The action
becomes
I = − 1
4pi
8piλ
3
u20
∫
dτdσ(κ2 − r2ω2 + r′2) . (3.7)
The equations of motion are consistent with those of the original action. The equation of
motion for the variable r determines r = r0 sin(ωσ). The periodic boundary condition for
r then implies that ω must be an integer. We shall consider ω = 1, which corresponds to
the minimal one-winding case with the two foldings of the string located at r = r0 (the
string rotates around its center of mass at r = 0). The Virasoro constraint (3.3) imposes
κ2 = r20. Then, using (3.5), we find that the energy E and the angular momentum Jβ are
related by the Regge relation
Eregge = 4u0
√
pi
3
λJβ , (3.8)
corresponding to the string tension (2.4). This relation was pointed out in this context in
[19]. For a string with a generic integer ω 6= 1, the energy formula (3.8) is multiplied by a
factor
√
ω.
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In order to compare the different energy formulas, in what follows it will be useful to
consider the ratio with the string tension, which is the natural scale in pure QCD. From
(2.4) and (3.8) we obtain
Eregge√
TYM
= 2
√
piJβ . (3.9)
The above example of the Regge string illustrates an important feature of the string
spectrum. Namely, all glueball states corresponding to strings lying at ρ = 0 have the
same behavior Eglueball/
√
TYM = const. The reason is that once we set ρ = 0 the string
configurations on ℜ3 are the same as in flat space upon changing the flat space string
tension T by TYM (2.4). Since this is the only dimensionful scale and the parameter λ
does not appear independently, the energies for all these strings must be proportional to√
TYM. This means that in units of TYM, to leading order in the expansion in 1/λ, the
energies of strings lying at ρ = 0 do not change as λ is decreased. This is in contrast to
some strings with Kaluza-Klein quantum numbers examined below, and in contrast with
supergravity glueballs (see section 5), which have a 1/
√
λ leading behavior.
The strings lying at ρ = 0 cover a significant part of the glueball string spectrum;
besides the special Regge string pointed out above one can write the full flat space spectrum
of four dimensional strings. The glueballs that are not included are those where the string
also fluctuate in the radial direction ρ. This case is examined in section 5, and the energy
exhibits a different dependence on λ.
3.2. String spinning in the cigar
We start with the Nambu-Goto action and consider the ansatz.
t = τ , u = u(σ) , θ1 = ω1τ . (3.10)
This represents a folded string spinning in the “cigar” geometry described by ρ, θ1 (or
u, θ1). This configuration first appeared in [19]. Here we are interested in the dependence
of the energy as a function of λ. The configuration has a non-trivial quantum number,
the angular momentum Jθ1 in the internal coordinate θ1, and therefore is of Kaluza-Klein
type.
The string has energy and angular momentum given by
EKK =
8λ
3
u0n
√
y3m − 1
∫ ym
1
dy
y3√
(y3m − y3)(y3 − 1)
, y3m ≡
ω21
ω21 − 9u20
, (3.11)
Jθ1 =
8λ
9
ny3/2m
∫ ym
1
dy
√
y3 − 1√
y3m − y3
. (3.12)
Here n is an integer denoting the number of foldings (windings) of the string. The string
is extended from u = u0 to u = umax = u0
√
ym (the center of mass being at u = u0). If
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ω1 → 3u0, then umax →∞. These equations define EKK = EKK(Jθ1 , n, λ) in a parametric
way. The numeric plot shows that EKK√
TYM
is a monotonically decreasing function of λ.
This seems to be a universal behavior that will hold for all stable configurations examined
below.
3.3. Strings on ℜ3 × S4
i) The simplest state with S4 charge is given by a point-like string rotating at the equator
of S4. It is described by
t = κ τ , α = 0 , θ =
pi
2
and ϕ = ω t . (3.13)
Now we find that the energy is given by
EKK = 2 u0 Jϕ , (3.14)
so that
EKK√
TYM
=
1√
λ
√
3Jϕ . (3.15)
Comparing the λ dependence of the energies (3.14) and (3.8), corresponding to the Regge
string rotating ℜ3, we see that the latter has an extra factor of
√
λ. As mentioned above, as
λ is decreased (while keeping a large value λ≫ 1 so that the supergravity approximation
still applies) we see that
Eregge√
TYM
remains constant and EKK√
TYM
increases (in this case like 1√
λ
).
ii) One can also write down a solution describing strings spinning on S4. Now we use the
Nambu-Goto action and consider the ansatz
t = τ , ρ = 0 , α = 0 , θ = θ(σ) , ϕ = ωτ .
This is essentially the same solution appearing in AdS5×S5 [17], given in terms of elliptic
functions. The equation for θ is that of a pendulum in a constant gravitational field. There
are folded solutions (representing a string extended in the θ direction from θ = 0 to some
maximum value < pi/2) and circular solutions (strings winding around the θ direction of
S4). For folded strings, there are two limits, short and long strings. In the case of long
strings, one obtains, similarly as in [17], EKK ∼= 2u0Jϕ. For short strings, one obtains
EKK ≫ u0Jϕ. For fixed Jϕ, varying λ from 0 to ∞ interpolates between the long and
short string regime. One can show numerically that the derivative of the ratio EKK√
TYM
with
respect to λ is negative for all λ.
In the case of strings winding in the θ direction we find
EKK =
4λ
3
nu0
∫ 2pi
0
dθ
1√
1− η2 sin2 θ
, Jϕ =
2λ
3
n η
∫ 2pi
0
dθ
sin2 θ√
1− η2 sin2 θ
, (3.16)
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where η = ω2u0 < 1 and n is the winding number, θ(σ + 2pi) = θ(σ) + 2pin. These
equations define EKK(Jϕ, n, λ). The equations can also be written as E = E(Jϕ, n, η) , λ =
λ(Jϕ, n, η). Fixing Jϕ and n one can plot the energy as a function of λ. A plot of
EKK√
TYM
as a function of λ shows that for λ higher than some critical value the derivative of EKK√
TYM
becomes positive. The transition occurs at a point η1 ∼= 0.909, with η1 being the root
of the equation K(η2) = 2E(η2), K and E being the standard elliptic functions. The
critical λ is then λ1 = λ(Jϕ, n, η1). The derivative of
EKK√
TYM
is positive for η < η1, which
corresponds to λ > λ1.
On the other hand, the string becomes unstable for an angular momentum below a
certain critical value (for fixed Jϕ, the string is unstable for λ higher than some critical
value). This instability is easy to understand in the extreme limit ω = 0; one has a winding
string with no angular momentum, and a small perturbation makes the string to slide off
the equatorial plane of the sphere due to the string tension. To determine the critical
value, one must look at the Lagrangian of small fluctuations. Expanding α = 0 + α˜(θ, t)
we find
Lfluc ∼= 1
u0
1√
1− η2 sin2 θ
˙˜α
2
+ 4u0
1− 2η2 sin2 θ√
1− η2 sin2 θ
α˜2 − 4u0
√
1− η2 sin2 θ α˜′2 .
In the case ω = 0, i.e. η = 0, the instability is evident since the potential is negative,
and one gets harmonic modes with imaginary frequencies. For η 6= 0, an exact study of
the stability requires solving a coupled system of an infinite set of harmonic oscillators.
Nevertheless, one can probe the system by a small perturbation at τ = 0 of the form
α˜(θ, 0) = δ0. Then one sees immediately that the potential becomes negative precisely
at η < η1 ∼= 0.909 , and the equation for the zero mode at small times is that of a
harmonic oscillator with imaginary frequency, indicating instability. Thus instabilities
seem to appear precisely at the same point where the derivative of EKK√
TYM
with respect
to λ becomes positive. This remarkable feature is seen more clearly in other solutions
examined below. Namely, the solutions become unstable precisely in the same interval
where the derivative of the ratio EKK√
TYM
with respect to λ is positive. The instability is of
the same type, there is a winding string that slides off a big circle of the sphere when the
angular momentum is lower than some critical value.
iii) The string spins on the ℜ3 × S4 space
ρ = 0 , t = κ τ , r = r0 , β = m (σ+ τ) , α = 0 , θ =
pi
2
, ϕ = −nσ+ωτ . (3.17)
The Virasoro constraint (3.4) implies the relation nJϕ = mJβ between the angular mo-
menta associated with the angles ϕ and β. Now we find
4u20r
2
0m
2 = nω , Jϕ =
2piλ
3
ω ,
9
EKK = 2 u0 Jϕ +
4 piλ
3
u0 n , (3.18)
i.e.
EKK√
TYM
=
√
3√
λ
Jϕ +
2 pi
√
λ√
3
n . (3.19)
As λ is decreased, the ratio EKK/
√
TYM (3.19) of these states first decreases and then
increases. The transition is at λ0 =
3Jϕ
2pin . For states with λ0 =
3Jϕ
2pin ≫ 1, the energy
formula applies in the region λ < λ0, so they exhibit the behavior
EKK√
TYM
∼ 1√
λ
. On the
other hand, for states with
3Jϕ
2pin ≪ 1, the formula (3.19) cannot be extrapolated into the
region λ < λ0.
Remarkably, these string configurations become classically unstable precisely when
Jϕ <
2piλ
3 n, i.e. precisely when the derivative of
EKK√
TYM
with respect to λ is positive. This
can be seen by examining quadratic fluctuations in the θ direction, θ = pi2 + θ˜(τ). We get
the Lagrangian
Lfluc ∼= ˙˜θ
2
− (ω2 − n2)θ˜2 ,
so there is an instability mode for ω < n. Since Jϕ =
2piλ
3
ω, this corresponds to Jϕ <
2piλ
3
n,
i.e. the string is unstable when λ > λ0. The instability mode can be understood as
a tendency of the circular string wrapping the S4 to slip off the side when the angular
momentum is insufficient to keep it stable.
Thus, for all stable string configurations of this type EKK/
√
TYM increases in decreas-
ing λ. In particular, for states with Jϕ ≫ n, the increasing regime already starts at λ≫ 1,
so their energy reproduces the 1√
λ
behavior of previous cases.
3.4. String on ℜ3 × S1
The configuration
t = κ τ , u = u1 , θ1 = n1 σ − ω1 τ , r = r0 , β = m (σ + τ) , (3.20)
with ω, n,m > 0, solves the equations of motion and Virasoro constraints with (u1u0 )
6 = ω1n1
and with the relation between the parameters ω1 − n1 = (3mu0r0)2/n1 (n1 and m are
integers). The energy of the configuration is
EKK =
8piλ
9
u0 n1(
ω1
n1
+ 1)
√
ω1
n1
− 1 , (3.21)
whereas the (integer) momentum pθ1 over S
1 is given by
pθ1 =
8piλ
27
n1(
ω1
n1
− 1)
√
ω1
n1
. (3.22)
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From the constraint (3.4) one has the relation Jβm = pθ1n1 .
The λ dependence of the energy in (3.21) is hidden in ω1 = ω1(λ), defined in terms
of the quantized momentum pθ1 = 0,±1,±2, ... and λ through (3.22). One can write
explicitly ω1 = ω1(λ) by solving the cubic equation (3.22). The function ω1(λ)/n1 tends
to infinity at λ = 0 and it approaches 1 at λ =∞. The energy EKK(λ)√
TYM
goes like ∼ 1√
λ
near
λ = 0 and approaches a constant at λ = ∞. This can be seen explicitly by considering
limits. In the case of large λ, ω1n1 − 1≪ 1 we find2
EKK ∼= 4
√
2piλ
3
√
pθ1n1 u0 , (3.23)
For λ≪ pθ1/n1 one has ω1n1 ≫ 1 and we obtain E ∼= 3u0pθ1 , showing that
EKK√
TYM
∼ 1√
λ
for
1≪ λ≪ pθ1/n1.
3.5. String spinning on S1 × S4
i) We now consider the configuration:
t = κ τ , u = u1 , θ1 = ω1 τ − n1 σ , α = 0 , θ = pi
2
, ϕ = m (σ + τ) , (3.24)
with w1, n1, m > 0. For this configuration
(u1
u0
)6
=
ω1
n1
, κ2 =
(ω1 − n1)(ω1 + n1)2
9u20 ω1
.
Note that the configuration only exists for ω1 > n1, i.e. for u1 > u0. After some straight-
forward manipulations, one gets the following formulas for the energy and the momenta:
EKK =
8piλ
9
u0
√
ω1
n1
− 1(ω1 + n1) , (3.25)
pθ1 =
8pi
27
λ (ω1 − n1)
√
ω1
n1
, Jϕ =
4pi
9
λ (
ω1
n1
)
1
3
√
n1(ω1 − n1) , (3.26)
m =
2
3
(
ω1
n1
)
1
6
√
n1(ω1 − n1) . (3.27)
Note that Jϕm = pθ1n1. These relations are similar to the ones appearing for the config-
uration of sect. 3.4, except that the solution of section 3.4 has the additional parameter
r0.
2 Note that, since n1 ≫ ω1 − n1 ∼=
27
8pi
pθ1
λ
, it follows that λ ≫ pθ1/n1 and therefore EKK ≫
u0pθ1 . Since pθ1 is quantized, this implies EKK ≫ u0.
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This string solution has the remarkable property that it exists only for a special value
of λ. Indeed, fixing four integer quantum numbers satisfying Jϕm = pθ1n1, then the two
equations (3.26) determine ω1 and λ in terms of integer numbers. The equation (3.27)
is then satisfied automatically. For a small variation of λ, this string state ceases to be
physical and disappears from the string spectrum. In other words, there is a set of special
values of λ (parametrized by integers Jϕ, pθ1 , n1) for which the string spectrum has extra
states.
Explicit formulas for the energy of the state in terms of the quantum numbers can be
obtained in different limits. In the limit ω1
n1
− 1≪ 1, the energy becomes
EKK ∼= 4 u0 Jϕ . (3.28)
In the opposite limit ω1
n1
≫ 1, we obtain
EKK ∼= 3 u0 pθ1 . (3.29)
ii) Here we use the alternative parametrization of S4,
dΩ24 = dγ
2 + cos2 γ dϕ21 + sin
2 γ
(
dψ2 + cos2 ψ dϕ22
)
. (3.30)
Now the configuration considered is
t = κτ , u = u1 , θ1 = ω1τ , γ = mσ , ψ = 0 , ϕ2 = ωτ , ϕ1 = ωτ . (3.31)
This configuration appeared in [20]. From the equations of motion and the Virasoro
constraints we get
(
u1
u0
)4 =
4ω21
6m2 + 3ω2
, κ2 =
8ω31 + 3
√
3(m2 + 2ω2)
√
2m2 + ω2
72u20ω1
. (3.32)
The particular case considered in [20], section 6, corresponds to u1 = u0, which implies
4ω21 = 6m
2 + 3ω2 and then κ2 = m
2+ω2
4u2
0
. The horizon limit u1 → u0 (ρ→ 0) is smooth for
this configuration.
The energy, the angular momentum Jϕ := Jϕ1 = Jϕ2 and the momentum pθ1 are,
respectively
EKK =
8pi
3
λ
u31
u0
κ , Jϕ =
pi
3
λω
u1
u0
, pθ1 =
8pi
27
λ (
u1
u0
)3
(
1− (u0
u1
)6
)
ω1 . (3.33)
For a string lying near the horizon, u1 ∼ u0, the energy becomes
EKK ∼= 4u0
√
J2ϕ +
(pi
3
λm
)2
. (3.34)
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Hence
EKK√
TYM
∼= 2
√
3
√
J2ϕ
λ
+
(pi
3
m
)2
λ . (3.35)
Similarly to the discussion in section 3.2, we note that, as λ is decreased, the ratio
EKK/
√
TYM of these states first decreases and then increases. The transition is now at
λ0 =
3
pim
Jϕ. For states with λ0 =
3
pim
Jϕ ≫ 1, the energy formula applies in the region
λ < λ0, so they exhibit the behavior
EKK√
TYM
∼ 1√
λ
of the previous KK configurations. On
the other hand, for states with 3
pim
Jϕ ≪ 1, (3.35) cannot be extrapolated into the region
λ < λ0.
Just as the strings ii) and iii) of section 3.3, these string configurations become clas-
sically unstable precisely when Jϕ <
pi
3λm, i.e. when the derivative of
EKK√
TYM
with respect
to λ is positive. To identify instability modes it is convenient to examine the configuration
in terms of the coordinates (2.2),
α = 0 , θ =
pi
4
, φ = ωτ +mσ , ϕ = ωτ −mσ . (3.36)
Then the instability shows up by examining quadratic fluctuations in the α direction. We
get the Lagrangian
Lfluc ∼= ˙˜α2 − (ω2 − n2)α˜2 ,
exhibiting an instability mode precisely for ω < n, i.e. for Jϕ <
pi
3
λm.
Now consider u1/u0 ≫ 1. In this case the energy comes mostly from the motion in θ1
and from (3.32), (3.33) we get
EKK ∼= 3u0pθ1 . (3.37)
Thus for u1/u0 ≫ 1 one has the behavior EKK√TYM ∼
1√
λ
.
There are also circular string configurations similar to those studied in [23]. In the
present case the circular string lies on the horizon at ρ = 0, and the solutions are essentially
those of [23]. The energy has a similar structure as (3.34) and in the regime λ ≪ J/m,
where the angular momentum term dominates, it has the behavior EKK√
TYM
∼ 1√
λ
.
4. A small slice of the λ≪ 1 spectrum
As pointed out in section 2, the scalar curvature of the geometry (2.1) is small in units
of α′ provided
u0
λu
≪ 1 . (4.1)
One can check that this condition ensures that all curvature invariants are small. It also
ensures that higher derivatives of the dilaton field are small. By considering strings moving
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on the region u ≫ u0/λ, one can therefore describe the geometry in terms of the leading
order metric (2.1), since in this region higher order α′ corrections can be neglected. For
such strings, corrections to the classical energy formula could therefore only originate from
quantum sigma model corrections, but not from corrections to the background. However,
assuming as usual that the classical limit exists, quantum corrections to the energy can
also be neglected relative to the leading term by taking large quantum numbers. This
should be true even for small λ, provided one takes sufficiently large quantum excitation
numbers, such as the angular momentum. For small λ, the supergravity background will
receive important corrections, but not in the region u≫ u0/λ.
Among the different solutions of the previous sections, there are several ones which can
entirely lie in the u≫ u0/λ region. These are the configurations: 1) (3.20), 2) (3.24) and
3) (3.31). Increasing the frequency ω1 around θ1 produces the effect that the equilibrium
position u1 of the string moves towards larger values of u. In the cases 1) and 2), demanding
that u1 ≫ u0/λ requires ω1 ≫ n1/λ6. For λ < 1, this implies that pθ1 ≫ n1/λ8. In this
limit, the energy formulas in both cases 1) and 2) are given by
1), 2) : EKK ∼= 3u0pθ1 ≫
u0n1
λ8
. (4.2)
We recall that the solution 2) (3.24) exists only for a discrete set of λ parametrized by the
quantum numbers Jϕ, pθ1 , n1. For the case 3) (3.31), the string lies in the u1 ≫ u0/λ
region provided ω1 ≫
√
2m2 + ω2/λ2, i.e. pθ1 ≫
√
2m2 + ω2/λ4. This implies pθ1 ≫
m/λ4. In this limit, the energy formula becomes
3) EKK ∼= 3u0pθ1 ≫
u0m
λ4
. (4.3)
For the reasons explained above, the energy formulas (4.2) and (4.3) should apply for small
values of λ provided pθ1 is sufficiently large as prescribed (to guarantee that the string lies
in a small curvature region) and large angular momentum (to suppress quantum sigma
model corrections relative to the leading contribution to the energy).
These formulas indicate a rapid decoupling of these Kaluza-Klein states.
5. Description of supergravity glueballs from classical geodesic motion
Masses of glueballs of the supergravity sector can be obtained by solving the equations
of motion corresponding to supergravity fluctuations [2-9]. In particular, the spectrum of
a scalar glueball 0++ is obtained from the supergravity equation for the dilaton mode
fluctuation,
∂µ(
√
ge−2φgµν∂ν φ˜) = 0 . (5.1)
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Setting
φ˜ = eik·xχ(u) , (5.2)
one obtains
1
u3
∂u[u(u
6 − u60)∂uχ(u)] +M2χ(u) = 0 , M2 = −k2 . (5.3)
Using the WKB method, for large masses one can approximate the spectrum by [5]
M ∼= pi
ξ
√
n(n+ 2) u0 ∼= pi
ξ
n u0 , (5.4)
with n integer and
ξ = u0
∫ ∞
u0
du
1
u2
√
h(u)
=
√
pi Γ( 7
6
)
Γ( 23 )
, h(u) = 1− u
6
0
u6
. (5.5)
Now we will show that this glueball spectrum can be alternatively obtained by consid-
ering a point-like string configuration oscillating along the variable u between the horizon
and infinity. To be specific, we consider a configuration: u = u(τ) , t = t(τ) , describing a
point-like string which oscillates along a meridian θ1 = θ0 of the “cigar” described by the
coordinates u and θ1, from u =∞ to u = u0 and then back to u =∞ following the “other
side” of the meridian, θ1 = θ0 + pi. In the conformal gauge the equations of motion set
t˙ =
c
u3
, u˙ = ± c
u
√
h(u) ,
which describe a null geodesic in the background (2.1). The plus sign corresponds to the
branch describing the string coming from∞ to u = u0, whereas the minus sign corresponds
to the branch describing the string coming from u = u0 to ∞. The (target-space) time
elapsed in a motion from u =∞ to u0 and back to u =∞ is
∆T =
∫
dt = 2
∫ ∞
u0
t˙
u˙
du = 2
∫ ∞
u0
du
1
u2
√
h(u)
=
2
√
pi Γ( 76)
u0 Γ(
2
3
)
=
2ξ
u0
, (5.6)
which is finite, so the motion is periodical. One can define the “angular” frequency ω0 :=
2pi
∆T =
piu0
ξ .
In order to determine the quantum energy levels, it is more convenient to work with the
Nambu-Goto action. We will consider a more general string configuration u = u(τ) , θ1 =
mσ , and set the gauge τ = t. The case m = 0 will be recovered at the end. With this
configuration we get the Lagrangian
L = −4
9
mλu0
√
u6
u60
− 1− u˙
2u2
u60
. (5.7)
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Following [24], we perform a change of variables in order to obtain a Hamiltonian in a form
suitable for the application of the WKB approximation. We introduce a new variable ζ
dζ
du
=
u√
u6 − u60
.
This defines u = u(ζ). The Lagrangian (5.7) takes the form
L = −4
9
mλu0
√(u(ζ)6
u60
− 1)(1− ζ˙2) . (5.8)
The Hamiltonian is then given by
H =
√
p2ζ + (
4
9
mλu0)2(
u(ζ)6
u60
− 1) . (5.9)
Note that 1
2
H2 describes a one dimensional system with potential V = 1
2
( 4
9
mλ)2(u
6
u6
0
−1)u20.
The potential is zero at the horizon u = u0 and diverges at u =∞. We can consider u−u0
taking positive and negative values as well, with a symmetric potential and taking into
account only even wave functions. In this case the Bohr-Sommerfeld formula gives the
quantization rule (n≫ 1)
(2n+
1
2
)pi ∼=
∫
dζ
√
E2 − (4
9
mλu0)2(
u(ζ)6
u60
− 1) = 2
∫ u1
u0
du u
√
E2
u6 − u60
− (4
9
mλ
u20
)2 ,
with
u1 =
u0√
η
, η ≡ 1(
1 + ( 9E
4mλu0
)2
)1/3 .
For m = 0 we obtain
E ∼= (n+ 1
4
)ω0 ∼= nω0 = pi
ξ
n u0 .
This exactly agrees with (5.4). Thus one can think of supergravity glueballs as point-like
strings oscillating in the radial direction. Note that the classical configuration does not
distinguish parity, i.e. it equally describes 0++ or 0−+ glueballs. In [5,9], the difference in
their energies is seen to be subleading in radial number n, so as expected in the classical
limit n→∞ their energies are the same.
In order to obtain the energy formula for m 6= 0, we write
(2n+
1
2
)pi ∼= E
u0
√
η
1− η3
∫ 1
η
dy
√
1− y3
y3 − η3 , y =
u2
u21
. (5.10)
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We can expand (5.10) for small η, corresponding to E ≫ mλu0. This leads to the expansion
(2n+
1
2
)pi =
E
u0
2
√
pi Γ( 7
6
)
Γ( 23)
− 2
2
3
√
pi Γ( 5
6
)
3
2
3Γ( 4
3
)
( E
u0
) 2
3m
1
3λ
1
3 + . . . (5.11)
i.e.
E ∼= u0
(
2.59n+ 1.33m
1
3λ
1
3n
2
3 + . . .
)
. (5.12)
A different limit is λ ≫ 1 so that η ∼ 1. In this case one can check that the energy
asymptotically approaches the behavior E ∼ const.
√
λ u0. The derivative of the ratio
E√
TYM
with respect to λ is negative for all λ.
6. Concluding remarks
We have determined the energy formula for different string configurations in a string
model dual to pure SU(N) Yang-Mills in 3+1 dimensions. The dependence of the energy
on λ can be physically understood as follows. The energy of a rotating string which is
wound in some direction has typically a kinetic contribution proportional to the angular
momentum, and a “rest mass” contribution proportional to the string tension times the
winding number times the length. For angular momentum in one of the S4 directions, the
kinetic contribution is typically independent of λ and this is what produces the behavior
E ∼ u0 or, equivalently, E√TYM ∼
1√
λ
at λ small enough so that the “rest mass” contribution
is negligible (λ can still be λ≫ 1, depending on the quantum numbers). For a string wound
around S4, the string tension TS4 is proportional to λ (just as the string tension TYM of
the strings in ℜ3). As a result, the ratio E√
TYM
is of order
√
λ at large λ. This is the reason
of the large λ behavior of (3.19) and (3.35).
For low angular momentum, or for sufficiently large string tension, the circular strings
winding the sphere become unstable. This is expected, since the string can slide off the big
circle of the sphere. But what is remarkable is that the instability precisely appears at the
same point where the derivative of EKK√
TYM
with respect to λ changes sign. This phenomenon
arose in three independent cases. Consequently, for all classically stable strings with non-
trivial Kaluza-Klein quantum numbers examined here, the ratio EKK√
TYM
always increases as
λ is decreased. This behavior of the energy also holds for supergravity glueballs. On the
other hand, the energy of all glueballs associated with strings (with trivial Kaluza-Klein
quantum numbers) lying on the horizon exhibits the behavior behavior E√
TYM
∼ const.
In sum, the general pattern that we find is that the energy of all classically stable states
considered here does not increase faster than
√
λ at large λ. It would be interesting to see
if this is a property of all states in the string spectrum.
The fact that for all Kaluza-Klein states the ratio EKK√
TYM
increases as λ is decreased,
while for all 3+1 strings lying at the horizon this ratio remains constant, could be viewed
17
as an indication of the presence of two distinct scales which may separate as λ is gradually
decreased. However, one should keep in mind that in general these results cannot be
extrapolated to λ ≪ 1 (except for states living sufficiently far from the horizon as those
of section 4). Also, the energy of supergravity glueballs exhibits the same behavior of KK
states, i.e. E√
TYM
increases as λ is decreased, and they are not expected to decouple, since
the dilaton fluctuation is dual to the operator Tr F 2.
In section 5, we have discussed how to describe supergravity glueballs in terms clas-
sical configurations oscillating in the radial direction. It would be interesting to similarly
describe glueballs of higher spin (> 2) in terms of strings oscillating in the radial direction
with rotation in the angle β.
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